ABSTRACT. This paper is devoted to the study of persistence of forced periodic solutions for impact systems from single periodic solutions of unperturbed impact equations. An example of planar discontinuous ordinary differential equations is given to illustrate the theory.
Introduction
Consider a motion of a single particle in one spatial dimension described by the position x(t) and the velocityẋ(t). We suppose that it is moving under a linear spring, it is weakly damped and forced. So its position satisfies the ordinary differential equation
x + εζẋ + x = εµ cos ωt if x(t) < σ, (1.1) where εζ measures the viscous damping, εµ is the magnitude of forcing, ε is a small parameter, and we suppose that the motion is free to move in the region x < σ for σ > 0, until some time t = t 0 at which x = σ where there is an impact (s) and 0 < 1 + εr ≤ 1 is the Newton coefficient of restriction [4] . Another well-known piecewise linear impact system is a weakly damped and forced inverted pendulum given by equations [15] x + εζẋ − x = εµ cos ωt if |x(t)| < σ,
M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary
We can study coupled (1.1) and (1.2) to get higher dimensional impact system. So a system for weakly forced impact oscillator consists of an ordinary differential equationẍ = f 1 (x,ẋ) + εg 1 (x,ẋ, t, ε, µ) (1.3) and an impact conditioṅ
The above equation rewritten as an evolution system has a forṁ
In this paper, we shall investigate a more general case (see (2.1) and (2.2)).
The simplest type of motion of impact oscillators is a periodic orbit. For ε = 0, (1.1) and (1.2) possess impact periodic orbits. A natural question arises under which conditions on ζ and µ those periodic orbits persist for ε = 0 small. A mathematical theory of continuation/persistence of periodic orbits is well developed for smooth nonlinear dynamical systems (NDS). We refer the reader to books [6, 8, 11] for more references. On the other hand, recently many interesting results appeared on developing of an analogical theory for perturbed piecewisesmooth NDS [1, 3, 4, 15, 18] and mechanical systems with impact conditions [4, 5, 7, 10, 15, 17, [19] [20] [21] [22] [23] . Again we refer the reader for more applications and details to these works.
PERSISTENCE OF PERIODIC ORBITS IN PERIODICALLY FORCED IMPACT SYSTEMS
On the other hand, recently we have completed in series of papers [12] [13] [14] our study on persistence of periodic solutions for discontinuous NDS in any finite dimensional spaces for transverse cases when periodic orbits of unperturbed systems transversally crossed discontinuity levels. In addition, asymptotic properties as stability, instability and hyperbolicity of persisted periodic orbits have been also studied. In all these papers, we determined persistence conditions in terms of Poincaré-Andronov-Melnikov functions.
In this paper, we investigate the impact case by deriving impact Poincaré-Andronov-Melnikov function for establishing persistence of impact periodic solutions. Motivated by examples (1.1) and (1.2), an illustrative planar discontinuous system is presented as well. We finish this paper by hinting further results on persistence of impact periodic solutions which could be done by combining this paper with our former ones [12] [13] [14] . We emphasize that persistence of impact periodic solutions in such general settings like in this paper have been not yet done in previous works, since we have no restriction on dimensions of spatial variables and parameters.
Preliminaries
Let Ω ⊂ R
n be an open set in R n and h(x) be a C r -function on Ω, with r ≥ 3. We set
(Ω, R), i.e., the derivatives of f 1,2 , g 1,2 and h are uniformly continuous and bounded up to the rth order, respectively. Furthermore, we suppose that g 1,2 are T -periodic in t ∈ R and 0 is a regular value of h. Let ε, α ∈ R and µ ∈ R p , p ≥ 1 be parameters. We shall use the notation ·, · and · for inner product in R n and norm generated by it, respectively, and
We say that a function x(t) is a solution of an impact systeṁ
1) 
Poincaré-Andronov-Melnikov function
In this section we investigate the persistence of a single T -periodic orbit of autonomous system with impact under nonautonomous perturbation and derive a sufficient condition. A modelling problem is given by (2.1)-(2.2) for which we assume H1) The unperturbed equationẋ
has a T -periodic orbit γ(t) which is discontinuous at t = t 1 ∈ (0, T ) where it satisfies impact condition
The orbit is given by its initial point x 0 ∈ Ω 1 and consists of two branches
3)
⊂ Ω 0 and
H2) Moreover, we also assume that
The geometric meaning of assumption H2) is that the impact periodic solution γ(t) from H1) transversally hits and leaves the impact surface Ω 0 at t
Next, since impact system (3.1)-(3.2) is autonomous, γ(t − α) is also its solution for any α ∈ R. So we are looking for a forced T -periodic solution x(t) of the perturbed impact system (2.1)-(2.2) which is orbitally close to γ, i.e., x(t) ∼ γ(t − α) for some α depending on ε = 0 small. For this reason, by shifting the time, we study a shifted (2.1)-(2.2) of the forṁ
x∈ Ω 1 , (3.5)
with additional parameter α ∈ R.
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Let x(τ, ξ)(t, ε, µ, α) denote the solution of initial value probleṁ
First, we modify our result from [12] for impact system (3.5), (3.6).
Ä ÑÑ 3.1º Assume H1) and H2). Then there exist ε 0 , r 0 > 0 and a Poincaré mapping (cf. Fig. 1 )
where B(x, r) is a ball in R n with center at x and radius r, and
P r o o f. The lemma follows from Implicit Function Theorem [9] . We obtain the existence of positive constants τ 1 , r 1 , δ 1 , ε 1 and C r -function
Analogically, we derive function t 2 satisfying
Moreover, we have t 2 (0, x 0 , 0, µ, α) = T . Poincaré mapping is then defined as
The proof is finished.
Since we are looking for persisting periodic orbit with fixed period T , we have to solve a couple of equations
Therefore, we define so-called stroboscopic Poincaré mapping (cf. [4, 12] )
and solve a single equation
Now, we calculate the linearization of P at (ξ, ε) = (x 0 , 0) analogically to [12] . We obtain the next result.
Ä ÑÑ 3.2º Let P (ξ, ε, µ, α) be defined by (3.9) . 12) where P ξ , P ε are partial derivatives of P with respect to ξ, ε, respectively. Here
A(t) is given by
with impact saltation matrix
14)
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and fundamental matrix solutions X 1 (t), X 2 (t) satisfying, respectively,
In addition, P ξ (x 0 , 0, µ, α) has an eigenvalue 1 with corresponding eigenvector
The statement on the derivatives of P follows from its definition with the aid of the following identities
To proceed with the proof, we note ε = 0 results x(τ, ξ)(t, 0, µ, α) = x(τ, ξ)(t), the solution ofẋ = f 1 (x), x(τ ) = ξ, and it is independent of (µ, α). Analogically
, P (ξ, 0, µ, α) = P (ξ) and P (ξ, 0, µ, α) = P (ξ). Now, since for all t > 0 small, it holds that
is an element of Ω 0 and as well of {γ(t) | t ∈ R} we have t + t 1 (0, γ 1 (t)) = t 1 .
Then we obtain
We solve equation (3.10) for (ξ, α) ∈ Σ × R with parameters ε, µ using Lyapunov-Schmidt reduction method [6] . Obviously
the null space and the range of the corresponding operator and
orthogonal projections onto Y and Y ⊥ , respectively, where Y ⊥ is the orthogonal complement to Y in R n . Here we take the third assumption
Equation (3.10) is split into couple of equations
where the first one can be solved using Implicit Function Theorem, since Let ψ ∈ Y ⊥ be arbitrary and fixed. Then we can write
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and persistence equation (3.19) has the form
Clearly G(0, µ, α) = 0 for all (µ, α) ∈ R p × R. Moreover, we want the periodic orbit to persist, so we need to solve G(ε, µ, α) = 0 for ε = 0 small. But since  G(ε, µ, α) = D ε G(0, µ, α)ε + o(ε), the equality D ε G(0, µ 0 , α 0 ) = 0 is a necessary condition for a point (0, µ 0 , α 0 ) to be a starting persistence value, this means if there is a sequence
We denote 
Linearization of unperturbed impact system (3.1)-(3.2) along T -periodic solution γ(t) gives the variational equatioṅ
with impulsive condition 
solves variational equation (3.23) and conditions (3.24), (3.25). Now, we recall a classical result (cf. [16] ) and our result (see [13] ).
Ä ÑÑ 3.3º Let X(t) be a fundamental matrix solution of equationẊ = U X.
On letting B 1 = S, B 2 = I, B 3 = B in the last lemma one can see that the adjoint variational system of (3.1) and impact condition (3.2) (i.e., adjoint system of (3.23)-(3.25)) is given by the following linear impulsive boundary value problemẋ (t) = −Df *
From (3.22) we know that A * (t)ψ solves adjoint variational equation with impulsive condition. To see that it satisfies the boundary condition as well, we consider
As a consequence, we can take in (3.21) any solution of the adjoint variational system (3.26). Summarizing, we get the main result. Figure 2 . Impacting pendulum with a given frequency ω > 0 and impact conditioṅ
M. FEČKAN -M. POSPÍŠIL
which follows from actual position of the wall and its speed projected onto tangent line to the trajectory of bob. Writing as a system we geṫ
To obtain a problem in form of (3.5), (3.6) we introduce parameter α and transform the variables
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So we getu
with impact condition
where
We add the lower index ε to denote the dependence on ε in (4.1), (4.2), i.e., (4.1) 0 , (4.2) 0 shall denote the unperturbed system and the unperturbed impact condition, respectively. Moreover, we denoteû = arcsin 
The fundamental matrices defined by (3.15) and impact saltation matrix of (3.14) have the form
respectively. 
We have
Therefore using trigonometric sum identities 
From Lemma 4.1 we get
Hence, it is easy to see, that f 1 (u, 0) = (0, −ωu) ∈ Z for Z of (3.16). Suppose that dim Z > 1. Then there exists w ∈ Z such that w, f 1 (u, 0) = 0, i.e., w = (ζ, 0). Next
Thus ζ = 0 and the verification of the last condition is completed.
ÈÖÓÔÓ× Ø ÓÒ 4.3º Let 0 < ω, 0 < µ and k ∈ N be such that kω < µ < 2kω. Since arccosû u ∈ (π/2, π) we get the assumption kω < µ < 2kω. Then | r ∈ {0, 1, . . . , 2k − 1} .
Then for each
Obviously, each α 0 is a simple root of M µ (α). The rest follows from Theorem 3.5.
Concluding remarks
Direct combination of methods of this paper with our previous ones [12] [13] [14] can yield to further results on persistence of impact solutions of (2.1) and (2.2) such as their stability, instability or hyperbolicity. Bifurcation from degenerate impact periodic orbit, i.e., when H3) fails, can be also studied like in [14] . Moreover, persistence from a family of impact periodic solutions, i.e., when there is a family of periodic impact orbits in assumption H1), can be investigated
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analogically as in [13] . Since all these extensions and generalizations can be done straightforwardly, we do not go into details in this paper. Of course, the appropriated derivations are not elementary.
